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INTRODUCTION

Let H be a bialgebra over the commutative associative ring K with unit,
This paper examines the concept of an H-radical for (associative) H-module
algebras (also called algebras over H), based on the Amitsur—Kurosh general
radical theory (Definitions 2, 3, Propositions 1-5, below). In particular, a
Jacobson-type H-radical # is constructed as the upper H-radical generated
by the left H-primitive H-module algebras (Definition 3, Theorem 1).
Another H-radical of interest is [, which consists of all associative H-
module algebras whose underlying algebra is in J, the ordinary Jacobson
radical for associative K-algebras (Propositions 2, 3).

The main theorems on _# are in Section 2, where we show that if H is
irreducible (also called filtered), and if H is a flat K-module, then (Theorem 2)
for any H-module algebra 4, #(A4) is equal to the intersection of all left
H-primitive ideals of 4; (Theorem 3 and Corollary) £ is a strongly hereditary
H-radical; (Theorem 4) #(A4) = J(A # H)N A, where A # H is the smash
product of 4 with H; (Corollary 1 to Theorem 4) #(A4) is the intersection
of all right H-primitive ideals of 4; (Theorem 5) _#(A) contains all the left
or right H-ideals of 4 which are in #; (Theorem 6) # C J; . An example
is then provided showing that it is possible to have #(4) # J4(A) for a
non-Artinian H-module algebra 4, whereas Theorem 7 shows that #(A4) =
Ju(4) if A is (left or right) Artinian.

An example motivating this study is the case in which 4 is an (associative)
K-algebra and H is the universal enveloping algebra of the Lie algebra of
derivations of 4.

* This paper is part of the author’s doctoral dissertation under the direction of
R. E. Block at the University of California, Riverside, December, 1971.
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218 JOHN R. FISHER
1. Basic DErFINITIONS AND RADICAL CONSTRUCTIONS

Throughout this paper K will denote a commutative associative ring with
unit. Algebras, bialgebras, and tensor products over base ring K are
considered. The reader is referred to [6, p. 53] for the definition of a bialgebra
H over K, and to [6, p. 153] for the definition of an H-module algebra, except
that we do not assume that H-module algebras are necessarily unital.
Reference [6] defines these concepts in the case that K is a field, but the same
definitions (as well as that of a coalgebra over K) make sense in the general
case considered here. For this general approach we will use results from
[3, Section 1]. To be explicit, 4 is an H-module algebra if 4 is a K-algebra
which is an H-module with the measuring condition written out as follows.
If u: H® A — A is the measuring of 4 by H (or action of H on A4), we will
also write u(h & a) = & - a so that the measuring condition reads % - (ab) =
S (hy - a)(h - b), for all a,be A, he H. For more description of the
summation notation in the last statement see [6, p. 10]. It is assumed that
1y - @ = a for all ae 4, where 1 is the unit of H. The measuring is called
unital if A has a unit element 1 and if & - | = (h)] for all A€ H, where €
is the counit of H. Note that H-module algebras are the multiplicative
objects in the monoidal category of H-modules.

Let o be the category of all associative H-module algebras, where H is a
given bialgebra over K. The objects of # are all associative H-module
algebras. The morphisms of # are those algebra homomorphisms ¢: 4 — B,
A, B e s, which are also H-module maps. Such a ¢ will be called an H-
homomorphism. An ideal I of an H-module algebra A4 is called an H-ideal
if the action of H on A4 leaves I invariant. An H-ideal is the same thing as the
kernel of an H-homomorphism. In particular, if I is an H-ideal of 4, then I is
the kernel of the natural H-homomorphism A — A/I, where A/l is an
H-module algebra via h-(a +1) = (h-a)+ I for all he H, ac A. The
sum and intersection of H-ideals are H ideals. The image ¢(4) of an H-
module algebra 4 by an H-homomorphism ¢ is naturally H-isomorphic
to A/I for the H-ideal I = ker ¢.

The concept of a module for an 4 in the category # is made explicit by
means of the following definition.

DrerFiNiTION 1. Suppose 4 is an H-module algebra and M is a left 4-
module. Then M is a left 4, H-module provided M is also a unital left H-
module (where H is thought of as an algebra), and

h(am) =} (hq) - @) hy(m)

(h)

for all he H, ae A, me M, where 4k =3 ) by X k(e . If 4 has a unit,
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then the 4, H-module M is called unital if M is unital as a left 4-module.
Note that A, H-modules are the multiplicative actions in the monoidal
category of H-modules. The 4, H-module M is irreducible if AM + 0 and M
has no proper nonzero 4, H-submodule (i.e., no K-subspace closed under
action by A and H); in addition, if A4 has a unit then it is further required
that A7 be unital. An H-module algebra 4 is left H-primitive provided A has
a left, 4, H-module M which is faithful as an A-module, and irreducible
as an 4, H-module.

Suppose A is an H-module algebra. The smash product (or semidirect
product) A # H of A by H is the associative algebra consisting of the elements
of A& H (a ® h written a # k) with products defined by

(@#)b#h) =3 algw * b) # g

(g)

If 4 has a unit 1, and the measuring of H on A is unital, then 1, # 1, is a
unit for 4 # H.

Lemma 1. (1) If A is an H-module algebra such that either A does not
have a unit, or A does have a unit but the measuring is not unital, then one can
adjoin a unit to A to obtain an H-module algebra A, = A + K (direct as
K-spaces) for which the measuring is unital, where the action of H on A is
defined by

h-(a+ k) =h-a+ eh)k,

Jorallhe H ae A, ke K. Ais then embedded as an H-ideal in A, in the natural
fashion. If M is an A, H-module, then M is a unital A, , H-module under the
action (a + kym = am + km for all ac A, ke K, me M.

(i) If M s an A, H-module, then M is an A # H-module under the action
(a # W)ym = ah(m) for all ac A, he H, me M. If M is an irreducible left
A, H-module, then M is an irreducible left A # H-module.

(111) If the measuring of H on A is unital, and if M is an (irreducible)
left A # H-module, then M is an (irreducible) left A, H-module under the action
am = (a # Ly)m, h(m) = (1, # W)ym for all ae A, he H, me M.

Proof. The details of the proof are mostly straight-forward, being based
on definitions. However, the last statement in (ii) needs comment. As stated,
A need not have a unit. If 4 does have a unit, then the proof is easy. Assume
then that 4 does not have a unit. As in (i) adjoin a unit to 4 to get 4, =
A + K. M is then an irreducible 4, , H-module and an irreducible 4, # H-
module. Since 4 is a direct summand (as a K-space) of 4,, 4 # H is
embedded in A; # H in the natural fashion. Let S = {me M: (4 # H)ym =
0}. S is an 4, # H-submodule of M, hence S =M or § =0.If § = M,
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then AM = 0, contrary to hypothesis. Thus S = 0. So for any nonzero
meM, (A # H)m = M. Now suppose N is a nonzero A # H-submodule
of M. Then (A#HNCN and (A#HN2(A#H# Hm = M for any
nonzero n€ N, thus N = M. It has been shown that M is an irreducible
A # H-module.

DrerFINITION 2. A nonempty subset # of # is an H-radical provided

(a) If AeZ, then ¢(A) e Z for every H-homomorphism ¢ of A4.

(b) If Aes#, A¢Z, then there exists a nonzero H-homomorphism
@ of A such that ¢(4) has no nonzero H-ideals in Z.

The following notation will be useful. For X C 52,

S(X) = {4 € # : A has no nonzero H-ideal in X},
R(X) = {4 € #°; 4 has no nonzero H-homomorphic image in X}.

Given an H-radical Z and 4 € 5#, A is said to be #-radical provided 4 € Z
and A is said to be #-semisimple provided 4 € S(#). The H-ideal

R(A) = {I: I is an H-ideal of 4, and I € %}

is called the #-radical of A. For each 4 e, #(A) e R, A|A(A4) € S(R),
and Z(4) = (\{{: I is an H-ideal of A4, and A/l € S(%)}.

ProrosiTION 1. Suppose & C A satisfies the following condition: A e &
implies every nonzero H-ideal of A has a nonzero H-homomorphic image in &.
Then (i) R(S) is an H-radical; (ii) S(R(S)) is the minimal semisimple class in
H containing & ; (1i1) if X is an H-radical for which ©(#) 2 &, then # C R(F).

Because of (iil) R(S) is called the upper H-radical generated by <.
Generally, the proofs of the propositions in this section are similar to known
proofs in general radical theory, or are otherwise straightforward. In
particular, the proof of Proposition 1 resembles [4, Lemma 3, p. 6].

We wish to apply Proposition 1 to the class & of all left H-primitive
H-module algebras. The condition in the hypothesis of Proposition 2 is
verified in Theorem 1 below.

Taeorem 1. If A is left H-primitive and I is a nonzero H-ideal of A, then
1 is left H-primitive.

Proof. Suppose M is an irreducible left 4, H-module which is faithful
as an A-module. Then M is an I, H-module which is faithful as an J-module.
Suppose N is an I, H-submodule of M. Let C denote the K-subspace of
A # H generated by {x # h: xel, he H}. Then C is an ideal of 4 # H.
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Thus CN is an 4 # H-submodule of M, whereas M is an irreducible 4 # H-
module, using Lemma 1(ii). Hence CN =0 or CN =M. If CN = M,
then N = M, and the proof is completed. On the other hand, if CN = 0,
let S ={meM, Cm = 0}. Now S2 N and S is an 4 # H-submodule of
M,s0 S=0o0r S=MIf S=0, then N =0, and the proof is again
completed. If S = M, then CM =0, so IM = 0, which would imply
I = 0 since M is faithful as an 4-module. This case is therefore not possible
and so I is left H-primitive.

Theorem 1 justifies the use of Proposition 1 to form the upper H-radical
F = R(F), where ¥ is the class of all left H-primitive H-module algebras.
More can be proved about #, and this is done in Section 2, if one assumes
further conditions on H. The conditions of interest in this paper are stated
explicitly, and explained at the end of this section and the beginning of
Section 2.

Another H-radical of interest is obtained from the (ordinary) Jacobson
radical ] for associative rings (or K-algebras). The general procedure is
spelled out in the following proposition.

PrOPOSITION 2. Assume that p is an ordinary radical for associative
K-algebras. Then py , the class of all H-module algebras whose underlying
algebra is in p, is an H-radical.

Hence [y is an H-radical. Section 2 gives the relationships, under appro-
priate conditions, among #(A4), Ju(A4), and J(A # H), where A4 is an
H-module algebra. Structure theorems for A/ J,(4) where H = %(der A4),
with certain finiteness conditions, can be found in [1, p. 452].

DreriniTioN 3. The H-radical Z is a hereditary H-radical provided 4 €
implies I € # for every H-ideal I of A. & is strongly hereditary provided
A(I) = #(A) N I for every H-ideal I of A.

As usual, every strongly hereditary H-radical is hereditary. If # is a
hereditary H-radical then #(4) N I C Z(I) for all H-ideals I of A. If Z is a
strongly hereditary H-radical and 4 € &(#), then I € &(R) for every H-ideal
I of A.

PROPOSITION 3. Suppose p is an ordinary radical for associative K-algebras.
If p s hereditary, then py is a hereditary H-radical and

pe(A) =Y {I: I is an H-ideal of A, and I C p(A)}.
If p is strongly hereditary, then p, is a strongly hereditary H-radical.

481/34/2-3
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As an immediate application of Proposition 3, one gets that [ is a strongly
hereditary H-radical.

ProrosiTION 4. Suppose X is a hereditary H-radical such that all A ¢ #
with A* = 0 are in R. Then X is a strongly hereditary H-radical.

Proof. Let I be an H-ideal of 4 € 5. It suffices to show that Z(I) is an
H-ideal of A. Set R = Z(I). Then (AR + R)?C R and hence (4R + R)/
Re 2 and (AR + R)/Ris an H-ideal of I/R € &(#). Hence (AR + R)/R = 0,
i.e., ARC R. Similarly R4 C R and thus R = #(I) is an H-ideal of 4.

For ordinary radical theory, Proposition 4 can be proved without the
assumption that # contains all 4 such that 42 = 0. Whether or not this
assumption can be deleted for hereditary H-radicals is left open in this
paper. In Section 2, Proposition 4 will be applied to show that # is a strongly
hereditary H-radical.

PrOPOSITION 5. Suppose & C A satisfies the condition in the hypothesis
of Proposition 1, and let # = R(F). Suppose further that for all Aec H:
(i) If I is a nonzero H-ideal of A and I € &, then there exists an H-ideal B of 4
such that A/Be & and I L B. (ii) A% = 0 implies A ¢ . Then, for every
Ae#,

R(A) = ﬂ {I: I is an H-ideal of A, and A/l € &}.

A similar result is that if p is a hereditary ordinary upper radical generated
by a class ¢, and if p(4) = ({I:1 is an ideal of A4, and A/l €}, then
pu(A) = N {Iy : A/l € o}, where I is the sum of all the H-ideals of A4
contained in 1. This was used for [ in [1, p. 452], using H = %(der A4),
o equal to the set of primitive associative rings.

Proposition 5 resembles [4, Lemma 80, p. 139], which is concerned with
the topic of special radicals for associative rings. Under appropriate
conditions, Proposition 5 will be applied to ¢ = R(¥), & the left H-
primitive H-module algebras, in Theorem 2 in Section 2.

DrrintTioN 4. H is an irreducible bialgebra over K provided there exists
a denumerable sequence of K-subspaces H; of H, H,CH, CH,C ---CH
where Hy = Kl ,H = ) H; , H;H;C H,, ;and 4H, C Y} Im(H; ® H,_;).
Here Im(H; ® H,,_;) denotes the image of the canonical map of H;, ® H,,_;
into H ® H.

This definition of irreducible bialgebra is the same as that of filtered
bialgebra in [3, p. 10], and is equivalent to H being irreducible as a coalgebra
in the sense of [7] where K is a field.
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The following are important examples of irreducible bialgebras over K.

(1) K afield and H irreducible as a coalgebra.

(2) K not necessarily a field, but H generated as an algebra by P(H) =
{heH:4h =h @1+ 1 ® h}, the “primitive” elements of H. One easily
checks in this case that a filtration is provided by setting H, = ¥, P(H),
n =0, 1, 2,..., where, by convention P(H)® = Kl .

(3) H = (L), the universal enveloping algebra of the Lie algebra L.
This is a special case of (2).

If {H,} is a filtration of the bialgebra H over K, and if we set H,* =
H, N (ker ¢), H* = H N (ker ¢), then one has the following decompositions:

H=H"®Kly, H"=|)H
i=0

where the sum is direct as K-spaces. As is shown in [3, p. 10}, if H
is irreducible and he H,*, then dh =h®1+1®Hk+y for some
yeYiy Im(H, ® H,_).

Lemma 2 below proves one fact about irreducible bialgebras that will be
useful in Section 2.

LevMA 2. Assume that H is irreducible and that A is an H-module algebra.
Then the annihilator in A of a left A, H-module M is an H-ideal of 4.

Proof. LetI ={acd:aM = 0}, an ideal of 4. It needs to be shown
that @ € I implies % - a €I for all h € H. Writing, as above H = H* + Kl
one can assume k& H+ = | J,_, H;". This makes 4 an element of some H,*.
Ifn = 0,then. = Qand % - a = 0 - @ = 0isin /. The induction assumption
isthat g - aisin [ for all g in H;+ and for all 7 less than . Since H is irreducible
one can write

dh =h®1 +l®h+zgi®fi,
where g, , f; belong to subspaces of index less than n. Then for any m e M,

(- aym = h(am) — ah(m) — Y. (g - @) fi(m)
=0—-0—-0=0,

since aM = 0 and g, - a € for all 7 by the induction assumption. Therefore,
k- ael, as claimed.

As a slight generalization note that essentially the same argument shows
that if N is an 4, H-submodule of M then {a€ M : aM C N} is also an
H-ideal of 4. Also, analogous right-handed versions for the above are true.
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2. MaiN THEOREMS ON ¢, [y, J(A # H)

The following two basic assumptions on the bialgebra H over K occur
frequently in this section:

(1) H is irreducible,
(2) H is a flat K-module.

For example, if K is a field then H is flat; if K == Z then H is flat if and only
if H is torsion-free. As a consequence, if A is an associative H-module
algebra, and if S is an H-invariant subalgebra of A, then S # H is embedded
injectively in A # H. Therefore, if I is an H-ideal of A, one can naturally
consider I # H as an ideal of 4 # H, and it is for the sake of this type of
application that we assume that H is flat.

Theorem 2 states that #(4) is the intersection of the left H-primitive
ideals of 4. As expected, an H-ideal P of 4 is defined to be a left H-primitive
ideal provided A/P is left H-primitive; i.e., P is the annihilator in 4 of an
irreducible left 4, H-module. (Lemma 2 shows immediately that every
such annihilator is an H-ideal of 4.)

THEOREM 2. Assume that H is an irreductble bialgebra over K, and that H
is a flat K-module. Then for an H-module algebra A,

F(A) = (\{P: P is an H-ideal of A and A|P is left H-primitive}.

The following lemma establishes one of the sufficient conditions (see
Proposition 5).

Lemma 3. Assume the hypotheses on H in the statement of Theorem 2.
Suppose I is a nonzero H-ideal of the H-module algebra A, and that I is itself
a left H-primitive H-module algebra. Then there exists an H-ideal B of A such
that A|B is left H-primitive and I ¢ B.

Proof. Let M be an irreducible left I, H-module, faithful as an I-module.
Then M is an irreducible left I # H-module by Lemma 1(ii). As in the proof
of Lemma 1(ii), one has that for any nonzero ne M, (I # Hn = M. Work
with some such fixed generator #. Since H is a flat K-module, consider I # H
as an ideal of 4 # H and make M into an 4 # H-module by defining
u(vn) = (uovyn for all ue A # H, vel # H. To show that this action is
well-defined it must be shown that if on = 0, then (uv)r = 0. One has the

conventional calculation, assuming on = 0 :

( # H)(uo)n) = (I # H)wo)n — (I # Hyu)(wn) = 0.
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As before, anything annihilated by I # H is zero, so (uv)n = 0. Now make
M into an A-module by setting am = (a # 1)m foranyme M,ac A.lf ais
in I, then (“‘new action”) am = (a # 1)m = am (“‘old action”), giving the
correct module action of I on M. Thus any 4-submodule of M is an I-sub-
module of M. Once it is shown that M is an 4, H-module, it follows that M
is an irreducible A4, H-module. So we claim that

h(am) =3 (hq) * @) he)(m) (1)

(R)

forall he H,ac A, me M. But

am = (a # Dm = (@ # 1) [(Z st 4]

= Zl (a # DI(x: # gin]
for some x;€1, g;€ H and
h(am) = ; h((a # V)=; # ginl).

So one needs show (1) when m has the form m = (x # g)n, x 1. We have

h(am) = h((a # V)[(» # g)n]) = h((ax # g)n)
= h((ax) g(n))  since axel
=Y (kg * (a%)) ke g(n)

)

= (Zh) (hep * a)he) - %) hen g(n),

where here and below the fact that 3 () dkq) & k) = X ko) R Ak (e,
coassociativity) is used, which justifies the use of three subscripts as displayed.
On the other hand,

Y (b - @) h(m) = % (hq - @) hey((x # &)n)

(h)

- (% (ke * @) heyy(xg(n))

=3 (hq - a)(he) - &) h g(n)

(h)

and the two end results are equal. So M is indeed an 4, H-module.
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Now let B ={ac A:aM = 0}. B is an H-ideal of A4 since H is irre-
ducible, by Lemma 2. It must be the case that BN 7 = 0 since BM = 0
and M is a faithful I-module (in fact B = {ae 4 : al = 0}). Also, M is a
faithful A/B-module, and an irreducible 4/B, H-module via (a + B)m = am.
Thus A/B is left H-primitive, and I £ B. This finishes the lemma.

Proof of Theorem 2. In addition to Lemma 3 all one needs to observe
is that if 4 is an H-module algebra with 42 = 0, then 4 cannot be left
H-primitive, since AM would be zero whenever M was an irreducible 4, H-
module, a contradiction. Proposition 5 is now applied to finish the proof.

An H-module algebra 4 is H-simple provided the only H-ideals of 4 are 0
and A, and A2 % 0.

CoroLLarY. An H-simple algebra A is §-semisimple if and only if A is
left H-primitive.

Proof. 1f A is H-primitive then 4 is #-semisimple. If 4 is H-simple and
H-semisimple, then 4 has an irreducible left A, H-module M such that
AM # 0. But the annihilator of M is an H-ideal of 4, not equal to A4, and
hence is zero, so 4 is left H-primitive.

THrEOREM 3. Assume that H is an irreducible bialgebra over K, and that
H is flat as a K-module. Then ¢ is a hereditary H-radical.

Proof. It must be shown that if 4 € ¢ and if I is an H-ideal of A, then
Ie #. By Theorem2, Ae ¢, ie, A = #{A), means that 4 has no
irreducible left 4, H-modules. We show that I also has no irreducible left
I, H-modules, in which case I = #(I), so I € #. Suppose that M is an
irreducible left I, H-module, hence IM = 0. Lemma 3 shows how to make
M into an irreducible left 4, H-module such that the action of 4 on M when
restricted to I gives the original action of I on M. (Here it is noted that to
make M into an A, H-module requires only IM = 0, and not necessarily
that M be a faithful I-module.) But by the assumption about 4 (that it has
no irreducible left A, H-modules) this gives a contradiction. Therefore
I = g(I)and I e ¢, so that ¢ is hereditary.

COROLLARY. ¥ is a strongly hereditary H-radical. That is, for an H-module
algebra A and an H-ideal I of A,

FU) = FA)nl

Proof. This follows from Theorem 3 and Proposition 4 since if 4 is an
H-module algebra such that 42 = 0, then A€ ¢.
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In what follows, regard A as a subalgebra of 4 # H via the canonical
embedding a — a # 1.

TuroreM 4. Assume that H is an irreducible bialgebra over K and that H
is a flat K-module. Then ¢(A4) = J(A # H)n A.

Proof. The theorem can be proved if one first assumes that the measuring
on 4 is unital (hence that 4 has a unit), and then remove this restriction.
Assuming then that the measuring is unital, first observe that the irreducible
left A, H-modules are exactly the irreducible left 4 # H-modules by (ii)
and (iii) of Lemma 1. Applying the constructions in (ii) and (iii), first one,
then the other, preserves the module action with which one starts. Now
J(4 # H) is the intersection of the annihilators of irreducible left 4 # H-
modules, and _#(A4) is the intersection of the annihilators of irreducible
left A, H-modules. These annihilators correspond as follows. Consider
P ={acAd:aM =0}, where M is an irreducible left 4, H-module.
Consider M as an irreducible left 4 # H-module as in (ii) of Lemma I.
Then (P # 1)M = Pl(m) = PM = 0. On the other hand, if (a # )M = 0,
then al(M) =aM =0, and so aeP. So if Q ={uc A # H:uM = 0},
then O N 4 = P. These arguments are reversible, using (iii) of Lemma 1
this time. Hence () (Q N 4) = () P, where Q ranges over the left primitive
ideals of 4 # H, P ranges over the left H-primitive ideals of 4. Hence
JA#H)NA = F(4).

If the measuring is not unital, then use 4, , constructed in (i) of Lemma 1.
Since £ is a strongly hereditary H-radical and 4 is an H-ideal of A, , we have

Fd) = Fd)yn4
= (J(4, # H) N A;) N A by the above,
— J4, #H)O A
= #H)NA#H)NA
=JA#H)NA

since [ is a strongly hereditary ordinary radical. This establishes the theorem
in general.

CoroLLARY 1. _#(A) is the intersection of all right H-primitive ideals
of A.

The definition of right H-primitive is the obvious one. The corollary
follows easily from the theorem, since [ is left or right definable, and makes _¢
symmetrically definable as either the upper H-radical generated by the left
H-primitive algebras or as the upper H-radical generated by the right
H-primitive algebras.



228 JOHN R. FISHER

CoroLLARY 2. IfAe #,then A# He J.

Proof. If Ae ¢, then in fact 4 does not have a unit, since otherwise
1, # 14 € J(4 # H), which is impossible. However, adjoin a unit to 4 as in
(i) of Lemma 1, obtaining 4, , so that the following argument can be given,
Since de #, A= f#(A)= JAH#H)NA4,sothat A#1C J(A# H)=
JAL#FH)NAHH). Hence A#H=UAH#DA#HC JA,#H)N
AHH)= JAH#H)andso A#H= J(A# H)or A# He ].

THEOREM 5. Assume that H is an irreducible bialgebra over K, and that
H is a flat K-module. Then ¢(A) contains all the left (or right) H-ideals of A
which are in ¢.

Proof. AssumelL € ¢ is a left H-ideal of A. ThensinceLe #,L# He |
by Corollary 2 above, and L # H is a left ideal of A # H, hence L # HC
JA#H). Thus, LA#1C JAH#H)N(AH#]1) = F(A)#1 and so LC
F(A4), as required. Similar argument applies to the right H-ideals.

The next theorem gives the general relationship between # and Jy.

THEOREM 6. Assume that H is an irreducible bialgebra over K, and that
H is a flat K-module. Then J(A# H)N AC Jy(A), hence ¢ C Jy and
FA) # HC J(A# H).

LemMa 4.  Assume the hypotheses of Theorem 6. If S is an ideal of A # H,
then S N A is an H-ideal of A.

Proof. We show that if e # 1 isin SN (4 #1), then (h-a) #1 is in
SN(A#1) for all he H. Write H = H+ 4 Kly, H* = o Hi*. It
suffices to show (A-a)#1eSN(A#1) for all he H*. If he Hyt =
K+ =0, then =0 and 041 =0 is in SN (4 #1). So assume the
conclusion is true for all g e H;+, for all § less than #, and let & be in H,*.
Then

Ah=h@1+1Qr+Y e ®f:,

where g, , f; belong to subspaces of index less than #. Then (1 # k)@ # 1) =
(h-a)# 1 +a#h+3 (g, a)#f;, whichisin Ssinceaf#1eS and §
is an ideal of 4 # H. Also, each (g; - a) # 1 € S by the induction assumption,
so((g- @) # DL #F) — (g @) #fie S. Also (@ # 1)(1 #h) = a # heS.
Going back to the original expression for (1 # h)a # 1), weget (h-a) # 1 ¢
S N A4, finishing the lemma.

LeMMA 5. Assume the hypotheses of Theorem 6. Suppose the measuring
of H on A is unital If b # 1 is right invertible in A # H, then b is right invertible
in A.
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Proof. Suppose b# 1 has right inverse Y ,¢; # h;. Then (b#1)
St b)) =1H#1 or Xbhe; #h;, =1#1. Now A is a unital 4 # H-
module via the basic action (a # k)x = a(h - x), foralla, x € 4, he H. Apply
both sides of Y bc, #h, =1#1 to 1,. Then Y bee(h) =1,, te,
b(> c;e(h)) = 1,1, which shows b is right invertible in 4.

Proof of Theorem 6. TFirst assume that the measuring is unital. Since
J(A # H) is an ideal of 4 # H, Lemma 4 shows that J(4 # H)N A is an
H-ideal of A. Every element a # 1 in J(4 # H) N A is right-quasi-regular,
thatis 1 #1 +a# 1 = (1 4 a) # 1 has a right inverse in 4 # H. Hence,
by Lemma 5, 1 + a is right invertible in A. Thus J(4 # H)N 4 is a right-
quasi-regular H-ideal of 4, and so is contained in Jy(A4). This proves the
theorem when the measuring is unital. If the measuring is not unital, consider
A, . By the corollary to Theorem 3, #(4) = #(A)NAC Jy(4)N A =
Ju(A) since Jg is a strongly hereditary H-radical. This gives the theorem
for general A. The other conclusions in Theorem 6 now follow
easily.

The question naturally arises as to whether J, C #. It is shown in Theorem
7 below that this is the case for (left or right) Artinian algebras, but first a non-
Artinian counterexample is given.

Example with §(A4) # Jy4(A4). Let R denote the real field and let 4 =
R(x, ) be the algebra of all formal power series in commuting indeterminants
x and y. Let d = d/dx and let H be the bialgebra over R generated by d,
a typical element of H is a finite polynomial in powers of d with coeflicients
in R. The Jacobson radical of 4, J(A4), consists of all power series with zero
constant term, and J(A) contains the f-ideal B of A4 consisting of all power
series of the form p, + pyx + -~ + px + -, where each p, is a power
series in ¥ with zero constant term. Now B C j,{4) and y € B, so y € J,(4).
We propose to show y # d is not in J(A # H), verifying the example. The
reason this will suffice is the following. If J4(4) = Ju(A) # 1C #(4) =
J(4 # Hyn A, then [u(A) # H must also be contained in J(4 # H), since
the latterisanideal of 4 # H. Buty # de J,(A) # Handy # d ¢ J(A # H),
a contradiction.

Now every element u of A#H can be expressed in the form
u=Y37,a #d, a;e A, for some nonnegative integer #. Suppose y # d
were in J(4 # H). Then 1 # 1 + y # d must have a left inverse u:

n

Wi g1+ #d) = (L a# d) (1 #1+r D)= 1H1.

i=0

This equation can be solved for the a; by applying both sides to elements
1, x, x%,..., of A4, since 4 is an 4 # H-module. For example, applying both
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sides to 1, one gets ay = 1; applying both sides to x, one gets
ax -+ ayy + @) = x or a; = —y, etc. Summing up,

u—:l#l_,y#d_’_y2#d2_y3#d3+:‘:yn#d‘n.

However,

ul #1+yfd)=uty#d—y#d+y»#d— - Fy fan
:}:_y"*‘l#d”“‘l
— I#Iiyn+1#dn+1
#= 1 #1

since y"1 # d"+1 54 0. Hence one concludes that 4 # H does not contain
a left-quasi-inverse for y # d, and so Jy(4) € #(A).

THEOREM 7. Assume that H is an irreducible bialgebra over K, and that H
is a flat K-module. If ]y(A) is nilpotent, then Jy(A) = #(A). Hence if A is
(left or right) Artinian, then [ (A) = #(A).

Proof. This follows from the fact that if 7 is an H-ideal of A4, then
(T# Hy» C T # H. Applying this to T = J4(4), where T™ = 0 some m,
one gets (Jy(A4) # H)y* =0. Now Jy(A)# H is an ideal of A # H, so
Ja(d) # HC J(A # H), or Ju(A)C J(A# H)yn A = J(A).

It is easy to show that for left Artinian H-module algebras, 4 is left H-
primitive if and only if 4 has an irreducible left module, the annihilator of
which contains no nonzero H-ideal of A. Similarly, for left Artinian H-module
algebras, a left H-primitive ideal I is the largest H-ideal contained in some
primitive ideal. (Statements in this paragraph do not require any of the
restrictions on H.)

One would like answers to the following questions, which have been left
open here:

1. When is F(A)# H = J(A# H)? Theorem 6 says only that
F(A4) # HC J(A # H).

2. Is TA# H)C Jy(4) # H? Again, Theorem 6 says only that
JA#H)NAC Jo(4).

Whereas this paper concerns itself with the abstract theory of the H-radical
#, a paper by R. E. Block [2] will give structure theorems for certain H-
primitive algebras with finiteness conditions (either on the algebra or the
module), carrying further the work in [1].
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